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                \begin{document}$uC_{\varphi}$\end{document}$ acting on a given Banach space of holomorphic functions on **D** (boundedness, compactness, spectral properties, *etc.*) from function theoretic properties of *u* and *φ* and vice versa. In the past several decades, weighted composition operators on various spaces of holomorphic functions have been studied extensively, *e.g.*, \[[@CR2]--[@CR7]\].

As is well known, an early result of Shapiro and Taylor \[[@CR8]\] in 1973 showed the non-existence of the angular derivative of the inducing map at any point of the boundary of the unit disk is a necessary condition for the compactness of the composition operator on the Hardy space $\documentclass[12pt]{minimal}
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                \begin{document}$H^{2}({\mathbf {D}})$\end{document}$. With the basic questions such as compactness settled, it is natural to look at the topological structure of composition operators in the operator norm topology and this topic is of continuing interests in the theory of composition operators. Berkson \[[@CR11]\] focused attention on the topological structure with his isolation result on $\documentclass[12pt]{minimal}
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                \begin{document}$C_{\varphi}$\end{document}$ in the operator norm topology? While the same question was answered positively on the weighted Bergman spaces \[[@CR13]\], this turned out to be not true on the Hardy space \[[@CR14]\]. Some other results on differences of weighted composition operators on spaces of holomorphic functions can be found, for example, in \[[@CR15]--[@CR21]\]. In relation with the study of the topological structures, the difference or the linear sum of composition operators on various settings has been a very active topic \[[@CR13], [@CR17], [@CR22]--[@CR24]\]. Recently, Moorhouse \[[@CR1]\] characterized completely the compactness for the difference of two composition operators on the Bergman space over the unit disk, and Al-Rawashdeh and Narayan \[[@CR25]\] gave a sufficient condition for the same problem on the Hardy space. Here we continue this line to study compact differences of weighted composition operators acting on the standard weighted Bergman spaces.

The standard weighted Bergman space $\documentclass[12pt]{minimal}
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In Section [2](#Sec2){ref-type="sec"} we recall some related facts and results which are needed in the sequel, and then we prove our main results in Section [3](#Sec3){ref-type="sec"}. Section [4](#Sec4){ref-type="sec"} deals with the compact perturbations of finite summations of a given weight composition operator.

*Constants.* Throughout the paper we use the letters *C* and *c* to denote various positive constants which may change at each occurrence. Variables indicating the dependency of constants *C* and *c* will be often specified in the parentheses. We use the notation $\documentclass[12pt]{minimal}
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Let *φ* be a holomorphic self-map of **D**. We say that *φ* has a finite angular derivative at $\documentclass[12pt]{minimal}
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                \begin{document}$\xi\in F(\varphi)$\end{document}$, by the Julia-Carathéodory theorem in \[[@CR26]\], we have $$\documentclass[12pt]{minimal}
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The following lemma is cited from \[[@CR1]\].
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                \begin{document}$\alpha>-1$\end{document}$, *let* *φ* *be a holomorphic self*-*map of* **D** *and* *u* *a non*-*negative*, *bounded*, *and measurable function on* **D**. *Define the measure* $\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{|z|\rightarrow1}u(z)\frac{1-|z|^{2}}{1-|\varphi(z)|^{2}}=0, $$\end{document}$$ *then* $\documentclass[12pt]{minimal}
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                \begin{document}$u{\lambda}_{\alpha}\circ\varphi^{-1}$\end{document}$ *is a compact* *α*-*Carleson measure and the inclusion map* $\documentclass[12pt]{minimal}
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                \begin{document}$I_{\alpha}:A^{2}_{\alpha }\rightarrow L^{2}(u{\lambda}_{\alpha}\circ\varphi^{-1})$\end{document}$ *is compact*.

For more details as regards Carleson measures, see Section 2.2 in \[[@CR26]\].

Compact difference {#Sec3}
==================

Let $\documentclass[12pt]{minimal}
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                \begin{document}$u\in H(\mathbf{D})$\end{document}$. If the weighted composition operator $\documentclass[12pt]{minimal}
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                \begin{document}$uC_{\varphi}$\end{document}$ is bounded on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$\alpha>-1$\end{document}$), then the adjoint $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$(uC_{\varphi})^{*}$\end{document}$ of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$uC_{\varphi}$\end{document}$ satisfies $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ (uC_{\varphi})^{\ast}K_{z}(w)=\overline{u(z)}K_{\varphi(z)}(w), \quad z,w\in \mathbf{D}. $$\end{document}$$ For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$\varphi\in\mathbf{S}(\mathbf{D})$\end{document}$, by the Schwarz-Pick theorem in \[[@CR26]\], $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$$ \frac{1-|z|}{1-|\varphi(z)|}< \frac{1+|\varphi(0)|}{1-|\varphi (0)|}< \infty $$\end{document}$$ for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z\in\mathbf{D}$\end{document}$.

The following lemma can be obtained by modifying Lemma 5.1 in \[[@CR27]\] (*e.g.*, at the third line on p.2929 in \[[@CR27]\]). See also Proposition 3.2 in \[[@CR28]\] in a different form for the unit ball case. Here, we give a more elementary proof for convenience.

Lemma 3.1 {#FPar2}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\varphi_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$\varphi_{2}$\end{document}$ *be holomorphic self*-*maps of* **D**. *Then*, *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
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                \begin{document}$\xi\in F(\varphi_{1})$\end{document}$, *the following holds*: $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ \lim_{t\rightarrow\infty}\lim_{\substack{z\rightarrow\xi\\ z\in\Gamma _{t,\xi}}} \frac{1-|\varphi_{1}(z)|^{2}}{1-\varphi_{1}(z)\overline {\varphi_{2}(z)}} = \left \{ \textstyle\begin{array}{l@{\quad}l} 1, &\textit{if } \varphi_{1}(\xi)=\varphi_{2}(\xi) \textit{ and } \varphi _{1}{'}(\xi)=\varphi_{2}{'}(\xi), \\ 0,& \textit{otherwise}. \end{array}\displaystyle \right . $$\end{document}$$

Proof {#FPar3}
-----

First we notice that $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document} $$\begin{aligned} \frac{1-|\varphi_{1}(z)|^{2}}{1-\varphi_{1}(z)\overline{\varphi _{2}(z)}}&= \frac{1-|\varphi_{1}(z)|^{2}}{1-|z|^{2}}\cdot\frac {1-|z|^{2}}{1-\varphi_{1}(z)\overline{\varphi_{2}(z)}} \\ &=\frac{1-|\varphi_{1}(z)|^{2}}{1-|z|^{2}}\cdot\frac{1}{\frac {1-|\varphi_{1}(z)|^{2}}{1-|z|^{2}} +\frac{\varphi_{1}(z)\overline{(\varphi_{1}(z)-\varphi _{2}(z))}}{1-|z|^{2}}} \\ &=\frac{1-|\varphi_{1}(z)|^{2}}{1-|z|^{2}}\cdot\frac{1}{\frac {1-|\varphi_{1}(z)|^{2}}{1-|z|^{2}}+\triangle(z)}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\triangle(z)=\frac{\varphi_{1}(z)\overline{(\varphi _{1}(z)-\varphi_{2}(z))}}{1-|z|^{2}}$\end{document}$, and $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \begin{document}$$ \liminf_{z\rightarrow\xi}\bigl\vert \triangle(z)\bigr\vert \geq\liminf_{z\rightarrow\xi}\frac{1}{2}\frac{1-|\varphi_{2}(z)|}{1-|z|}. $$\end{document}$$

If $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi_{2}$\end{document}$ has no finite angular derivative at *ξ*, namely, $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$$\lim_{\substack{z\rightarrow\xi\\ z\in\Gamma_{t,\xi}}} \bigl\vert \triangle (z)\bigr\vert =\infty. $$\end{document}$$

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\varphi_{2}$\end{document}$ has finite angular derivative at *ξ* and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\varphi _{1}(\xi)\neq\varphi_{2}(\xi)$\end{document}$, then it follows clearly that $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{\substack{z\rightarrow\xi\\ z\in\Gamma_{t,\xi}}} \bigl\vert \triangle (z)\bigr\vert =\infty. $$\end{document}$$ If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$\varphi_{2}$\end{document}$ has finite angular derivative at *ξ* and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\varphi _{1}(\xi)=\varphi_{2}(\xi)$\end{document}$, then $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \lim_{\substack{z\rightarrow\xi\\ z\in\Gamma_{t,\xi}}} \bigl\vert \triangle (z)\bigr\vert &=\lim _{\substack{z\rightarrow\xi\\ z\in\Gamma_{t,\xi}}} \biggl\vert \frac{\overline{\xi-z}}{1-|z|^{2}}\varphi_{1}(z) \overline{ \biggl(\frac {\varphi_{2}(\xi)-\varphi_{2}(z)}{\xi-z}-\frac{\varphi_{1}(\xi)-\varphi _{1}(z)}{\xi-z} \biggr)}\biggr\vert \\ &=\frac{t}{2}\bigl\vert \varphi'_{2}(\xi)- \varphi'_{1}(\xi)\bigr\vert . \end{aligned}$$ \end{document}$$ Thus if $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi'_{1}(\xi )=\varphi'_{2}(\xi)$\end{document}$, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{t\rightarrow\infty}\lim_{\substack{z\rightarrow\xi\\ z\in\Gamma _{t,\xi}}} \triangle(z)=0. $$\end{document}$$ Otherwise if $\documentclass[12pt]{minimal}
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                \begin{document}$\varphi'_{1}(\xi )\neq\varphi'_{2}(\xi)$\end{document}$, then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \begin{document}$$\lim_{t\rightarrow\infty}\lim_{\substack{z\rightarrow\xi\\ z\in\Gamma _{t,\xi}}} \bigl\vert \triangle(z)\bigr\vert =\infty. $$\end{document}$$ Consequently, we get the desired result. □

To further study compact differences of weighted composition operators on $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
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                \begin{document}$$ F_{u}(\varphi):= \biggl\{ \xi\in\mathbf{T}: \limsup _{z\rightarrow\xi }\bigl\vert u(z)\bigr\vert ^{2} \frac{1-|z|^{2}}{1-|\varphi(z)|^{2}}\neq0 \biggr\} . $$\end{document}$$ It is easy to check that $\documentclass[12pt]{minimal}
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                \begin{document}$F_{u}(\varphi)\subseteq F(\varphi)$\end{document}$ if *u* is bounded. To avoid the trivial case, in the sequel we assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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In the following we take the test functions $$\documentclass[12pt]{minimal}
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                \begin{document}$$g_{w}(z):=\frac{(1-|w|^{2})^{\frac{1}{2}}}{(1-\overline{w}z)^{\frac {\alpha+3}{2}}}, \quad w,z\in\mathbf{D}. $$\end{document}$$ First note that $\documentclass[12pt]{minimal}
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                \begin{document}$$I_{c}(w)= \int_{\mathbf{D}}\frac{(1-|z|^{2})^{\alpha}}{|1-\overline {w}z|^{\alpha+2+c}}\, dA(z)\approx\frac{1}{(1-|w|^{2})^{c}}, \quad |w|\rightarrow1 $$\end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \|g_{w}\|^{2}_{A^{2}_{\alpha}}=\frac{\alpha+1}{\pi} \int_{\mathbf {D}}\frac{(1-|w|^{2})(1-|z|^{2})^{\alpha}}{|1-\overline{w}z|^{\alpha +3}}\, dA(z)< \infty. $$\end{document}$$ Again it is well known that $\documentclass[12pt]{minimal}
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We now give some necessary conditions for the difference of weighted composition operators to be compact.

Theorem 3.2 {#FPar4}
-----------

*Let* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{2}$\end{document}$ *be bounded holomorphic functions on* **D** *such that neither* $\documentclass[12pt]{minimal}
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To give a sufficient condition for the compact difference of weighted composition operators, we need the following fact from \[[@CR28]\], pp.95-97: for any $\documentclass[12pt]{minimal}
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To simplify our sufficient condition, we use the following simple lemma.

Lemma 3.3 {#FPar6}
---------
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-----
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                \begin{document}$$\lim_{t\rightarrow\infty}\lim_{\substack{z\rightarrow\xi\\ z\in\Gamma _{t,\xi}}} \rho(z) \biggl(\bigl\vert u_{1}(z)\bigr\vert ^{2}\frac{1-|z|^{2}}{1-|\varphi _{1}(z)|^{2}}+\bigl\vert u_{2}(z)\bigr\vert ^{2}\frac{1-|z|^{2}}{1-|\varphi _{2}(z)|^{2}} \biggr) \neq0. $$\end{document}$$ This leads to a contradiction to the assumption. Thus $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F_{u_{1}}(\varphi _{1})=F_{u_{2}}(\varphi_{2})$\end{document}$. □

We are now ready to give our sufficiency theorem.

Theorem 3.4 {#FPar8}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{1}$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varphi_{2}$\end{document}$ *be holomorphic self*-*maps of* **D** *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{1}$\end{document}$, $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{2}$\end{document}$ *be bounded holomorphic functions on* **D**. *If the following hold*: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{z\rightarrow\xi}|u_{1}(z)-u_{2}(z)|=0$\end{document}$ *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi \in F_{u_{1}}(\varphi_{1})\cup F_{u_{2}}(\varphi_{2})$\end{document}$ *and*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lim_{|z|\rightarrow1} \rho(z) (|u_{1}(z)|^{2}\frac {1-|z|^{2}}{1-|\varphi_{1}(z)|^{2}}+| u_{2}(z)|^{2}\frac {1-|z|^{2}}{1-|\varphi_{2}(z)|^{2}} )=0$\end{document}$, *then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u_{1}C_{\varphi_{1}}-u_{2}C_{\varphi_{2}}$\end{document}$ *is compact on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A^{2}_{\alpha}$\end{document}$.

Proof {#FPar9}
-----

Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{f_{n}\}$\end{document}$ is any bounded sequence in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A^{2}_{\alpha}$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{n}\rightarrow0$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\rightarrow\infty$\end{document}$) uniformly on each compact subsets of **D**. Given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\varepsilon>0$\end{document}$, we put $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q:=\bigl\{ z\in\mathbf{D}: \rho(z)\leq\varepsilon\bigr\} ,\qquad Q{'}:=\mathbf {D}\backslash Q. $$\end{document}$$ Now we can write $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \bigl\Vert (u_{1}C_{\varphi_{1}}-u_{2}C_{\varphi_{2}})f_{n} \bigr\Vert ^{2}_{A^{2}_{\alpha }}= \int_{\mathbf{D}}\vert u_{1}C_{\varphi_{1}}f_{n}-u_{2}C_{\varphi _{2}}f_{n} \vert ^{2}\, d{\lambda}_{\alpha}= \int_{Q}+ \int_{Q{'}} $$\end{document}$$ for each *n*.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\chi_{Q{'}}$\end{document}$ be the characteristic function of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q{'}$\end{document}$, then by the assumption (2), $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lim_{|z|\rightarrow1}\chi_{Q{'}} \biggl(\bigl\vert u_{1}(z)\bigr\vert ^{2}\frac {1-|z|^{2}}{1-|\varphi_{1}(z)|^{2}}+\bigl\vert u_{2}(z)\bigr\vert ^{2}\frac {1-|z|^{2}}{1-|\varphi_{2}(z)|^{2}} \biggr)=0. $$\end{document}$$ So by Lemma [2.1](#FPar1){ref-type="sec"}, for the second term of the right-hand side of ([3.6](#Equ10){ref-type=""}), $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{Q{'}}\bigl\vert u_{1}f_{n}( \varphi_{1})-u_{2}f_{n}(\varphi _{2}) \bigr\vert ^{2}\,d\lambda_{\alpha} \\& \quad \lesssim \int_{\mathbf{D}}\bigl\vert \chi_{Q{'}}u_{1}C_{\varphi _{1}}(f_{n}) \bigr\vert ^{2}\,d\lambda_{\alpha}+ \int_{\mathbf{D}}\bigl\vert \chi _{Q{'}}u_{2}C_{\varphi_{2}}(f_{n}) \bigr\vert ^{2}\,d\lambda_{\alpha}\rightarrow0 \end{aligned}$$ \end{document}$$ as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\rightarrow\infty$\end{document}$. For any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\xi\in F_{u_{1}}(\varphi_{1})$\end{document}$, by the assumption (1), there exists $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\delta(\xi)>0$\end{document}$ such that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|u_{1}(z)-u_{2}(z)|<\varepsilon$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$|z-\xi|<\delta(\xi)$\end{document}$. We decompose *Q* into two parts, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q:=H_{1}+H_{2}$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{1}:=Q\cap (\bigcup_{\xi\in F_{u_{1}}(\varphi_{1})}\{z\in \mathbf{D}:|z-\xi|<\delta(\xi)\} )$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{2}:=Q\backslash H_{1}$\end{document}$. Also, for the first term of the right-hand side of ([3.6](#Equ10){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \int_{Q}\bigl\vert u_{1}f_{n}( \varphi_{1})-u_{2}f_{n}(\varphi_{2}) \bigr\vert ^{2}\,d\lambda_{\alpha} \\& \quad \lesssim \int_{Q}\vert u_{1}\vert ^{2}\bigl\vert f_{n}(\varphi_{1})-f_{n}( \varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha}+ \int_{Q}\vert u_{1}-u_{2}\vert ^{2}\bigl\vert f_{n}(\varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha} \\& \quad \lesssim \int_{Q}\bigl\vert f_{n}(\varphi_{1})-f_{n}( \varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha }+ \int_{Q}\vert u_{1}-u_{2}\vert ^{2}\bigl\vert f_{n}(\varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha} \\& \quad \lesssim \int_{Q}\bigl\vert f_{n}(\varphi_{1})-f_{n}( \varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha }+\sum _{i=1}^{i=2} \int_{ H_{i}}\vert u_{1}-u_{2}\vert ^{2}\bigl\vert f_{n}(\varphi _{2})\bigr\vert ^{2}\,d\lambda_{\alpha} \\& \quad \lesssim \int_{Q}\bigl\vert f_{n}(\varphi_{1})-f_{n}( \varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha }+ \int_{ H_{1}}\vert u_{1}-u_{2}\vert ^{2}\bigl\vert f_{n}(\varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha} \\& \qquad {}+ \sum_{i=1}^{i=2} \int_{ H_{2}}\vert u_{i}\vert ^{2}\bigl\vert f_{n}(\varphi _{2})\bigr\vert ^{2}\,d \lambda_{\alpha}. \end{aligned}$$ \end{document}$$ Note that by ([3.5](#Equ9){ref-type=""}) $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{Q}\bigl\vert f_{n}(\varphi_{1})-f_{n}( \varphi_{2})\bigr\vert ^{2}\, d\lambda_{\alpha } \lesssim\varepsilon^{2} $$\end{document}$$ for all *n*. Also, by the definition of $\documentclass[12pt]{minimal}
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                \begin{document}$H_{1}$\end{document}$, we can easily get $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int_{ H_{1}}\vert u_{1}-u_{2}\vert ^{2}\bigl\vert f_{n}(\varphi_{2})\bigr\vert ^{2}\, d\lambda_{\alpha }\leq\varepsilon^{2}\Vert C_{\varphi_{2}}f_{n}\Vert ^{2}_{A^{2}_{\alpha }}\lesssim \varepsilon^{2} $$\end{document}$$ for all *n* and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{|z|\rightarrow1}\chi_{H_{2}}\bigl\vert u_{1}(z)\bigr\vert ^{2}\frac {1-|z|^{2}}{1-|\varphi_{1}(z)|^{2}}=0. $$\end{document}$$ We now claim that $$\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{|z|\rightarrow1}\chi_{H_{2}}\bigl\vert u_{2}(z)\bigr\vert ^{2}\frac {1-|z|^{2}}{1-|\varphi_{2}(z)|^{2}}=0 $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \lim_{|z|\rightarrow1}\chi_{H_{2}}\bigl\vert u_{1}(z)\bigr\vert ^{2}\frac {1-|z|^{2}}{1-|\varphi_{2}(z)|^{2}}=0. $$\end{document}$$ Indeed, if either ([3.9](#Equ13){ref-type=""}) or ([3.10](#Equ14){ref-type=""}) fails, then we will arrive at a contradiction to ([3.8](#Equ12){ref-type=""}), and thus the desired is obtained. To this end, we assume that there exist some $\documentclass[12pt]{minimal}
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                \begin{document}$$ \lim_{n\rightarrow\infty}\bigl\vert u_{2}(z_{n}) \bigr\vert ^{2}\frac {1-|z_{n}|^{2}}{1-|\varphi_{2}(z_{n})|^{2}}>0, $$\end{document}$$ or $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ \lim_{n\rightarrow\infty}\bigl\vert u_{1}(z_{n}) \bigr\vert ^{2}\frac {1-|z_{n}|^{2}}{1-|\varphi_{2}(z_{n})|^{2}}>0. $$\end{document}$$ If ([3.11](#Equ15){ref-type=""}) holds, then $\documentclass[12pt]{minimal}
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                \begin{document}$F_{u_{2}}(\varphi_{2})=F_{u_{1}}(\varphi_{1})$\end{document}$ by Lemma [3.3](#FPar6){ref-type="sec"}. If ([3.12](#Equ16){ref-type=""}) holds, then $$\documentclass[12pt]{minimal}
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                \begin{document}$$\lim_{n\rightarrow\infty}\bigl\vert u_{1}(z_{n})\bigr\vert ^{2}\frac {1-|z_{n}|^{2}}{1-|\varphi_{1}(z_{n})|^{2}}>0, $$\end{document}$$ because $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$\frac{1-|z_{n}|^{2}}{1-|\varphi_{1}(z_{n})|^{2}}\geq\frac{1-\varepsilon }{1+\varepsilon}\frac{1-|z_{n}|^{2}}{1-|\varphi_{2}(z_{n})|^{2}} $$\end{document}$$ by $\documentclass[12pt]{minimal}
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                \begin{document}$z_{n} \in H_{2}$\end{document}$ and ([2.3](#Equ3){ref-type=""}). Thus we also have $\documentclass[12pt]{minimal}
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                \begin{document}$\eta\in F_{u_{1}}(\varphi_{1})$\end{document}$. This leads to a contradiction to ([3.8](#Equ12){ref-type=""}). So our claim holds. Thus by Lemma [2.1](#FPar1){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\sum_{i=1}^{i=2} \int_{ H_{2}}\vert u_{i}\vert ^{2}\bigl\vert f_{n}(\varphi _{2})\bigr\vert ^{2}\,d \lambda_{\alpha} =\sum_{i=1}^{i=2} \int_{ \mathbf{D} }\vert \chi _{H_{2}}u_{i}\vert ^{2}\bigl\vert f_{n}(\varphi_{2})\bigr\vert ^{2}\,d\lambda_{\alpha} \rightarrow0 $$\end{document}$$ as $\documentclass[12pt]{minimal}
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The following, given in \[[@CR27]\] and \[[@CR1]\], respectively, are immediate consequences of Theorems [3.2](#FPar4){ref-type="sec"} and [3.4](#FPar8){ref-type="sec"}.

Corollary 3.5 {#FPar10}
-------------
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                \begin{document}$\lim_{|z|\rightarrow1}\rho(z) (\frac {1-|z|^{2}}{1-|\varphi_{1}(z)|^{2}}+\frac{1-| z|^{2}}{1-| \varphi _{2}(z)|^{2}} )=0$\end{document}$.

Corollary 3.6 {#FPar11}
-------------
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                \begin{document}$\lim_{| z|\rightarrow1}\rho(z) (\frac {1-|z|^{2}}{1-|\varphi_{1}(z)|^{2}}+\frac{1-| z|^{2}}{1-| \varphi _{2}(z)|^{2}} )=0$\end{document}$.

Corollary 3.7 {#FPar12}
-------------
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Compact perturbation {#Sec4}
====================

In the final section, we consider the compact perturbation of finite summations of a given weighted composition operator.

Theorem 4.1 {#FPar13}
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-----
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